Photodetachment cross-section σ ph (p e ) of the negatively charged hydrogen ion H − is determined with the use of highly accurate variational wave functions constructed for this ion. Photodetachment cross-sections of the H − ion are also studied for very small and very large values of the photo-electron momentum p e . Maximum of this cross-section and its location have been evaluated to high accuracy. In particular, we have found that [σ ph (p e )] max ≈ 3.8627035742 ·10 −17 cm 2 at p e ≈ 0.113206(1) a.u. Our method is based upon the Rayleigh's formula for spherical Bessel functions.
In this short paper we report the final results of highly accurate numerical calculations of the photodetachment cross-section of the negatively charged hydrogen ion H − . This ion contains two bound electrons. Absorption of the solar and/or stellar radiaton by the H − ion plays a central role in many astrophysical problems, including correct and accurate evaluations of the temperature balance at the surface of our planet [1] - [4] . The H − ion determines the absorption of infrared and visible radiation in photospheres of all stars, if temperatures in their photospheres are restricted between T max ≈ 8,250 K (late A-stars) and T min ≈ 2,750 K (early M-stars). In the late F, G and early K stars the absorption of infrared and visible radiation by the negatively charged hydrogen ions is maximal. This includes our Sun which is a star of spectral type G2.
Since 1945 numerical computations of the photodetachment cross-section of the negatively charged hydrogen ion H − has attracted attention of a large number of scientists (see, e.g., [5] and references therein). To this moment a few hundreds of papers were published about different aspects of the photodetachment of the H − ion. Many of these contributions are related to the development of different numerical methods which allow to calculate the corresponding cross-sections (see, e.g., [6] - [9] and references therein). In this paper of a restricted volume we cannot discuss dramatic hystory of this important problem. Note only that a good introduction to the problem can be found in a number of textbooks (see, e.g., [10] , [11] ) and in a few recent papers (see, e.g., [12] - [14] ) which also contain an extensive bibliography on this subject. It should be mentioned that overall accuracy of recent experimental works has been increased drastically [12] - [13] . In these papers the photodetachment cross-section of the negatively charged hydrogen ion H − has been measured to the accuracy which exceeds the accuracy of many calculations performed for this ion.
In our earlier paper [14] we tried to match the new level of experimental accuracy currently known for the photodetachment cross-section(s) of the negatively charged hydrogen ion H − . However, in [14] we applied the method which was accurate only for small absolute values of photo-electron momentum p e , but for large values of p e our procedure was found to be numerically unstable. The crucial point of any accurate method developed for numerical calculations of the photodetachment cross-section of the negatively charged hydrogen ion H − is the actual formula which is applied for calculation of three-body integrals with the spherical Bessel functions. In [15] we have found a successfull approach to this problem. However, in that paper we were restricted to the use of bound state wave functions constructed for the H − ion with relatively small number of basis funtions N ≤ 350. In this study we solved all numerical issues completely by applying the extended arithmetical precision. Now our wave functions contain up to 4000 basis functions (exponents in the perimetric, or relative coordinates, see below). This allows us to determine the photodetachment cross-sections of the H − ion to very high accuracy. The accuracy of our cross-sections substantially exceeds the accuracy of the recent experimental papers performed for the H − ion. Formally, we can say that the photodetachment cross-section of the negatively charged hydrogen ion H − is now known to the accuracy which is sufficient for all present and future experimental needs.
In reality, there are a number of corrections which must be taken into account to make accurate comparison with the current experimental data. Such corrections include finite mass correction, relativistic corrections to the incident and final wave functions, corrections for electron-electron correlations in the final state which forms after photodetachment of the
We begin our analysis with the following formula for the photodetachment cross-section is the dimensionless fine-structure constant, a 0 ≈ 5.2917721092 · 10 −9 cm is the Bohr radius [16] , p e is the absolute value of momentum of the photo-electron (this photo-electron is emitted during photodetachment of the H − ion),
2 is the ionization potential of the two-electron H − ion and R i→f is the photodetachment amplitude (for more detalis, see [15] ). The photodetachment amplitude is the overlap of the spatial derivatives of the incident wave function of the H − ion upon the two electron-nucleus coordinates and the final state wave function which is the product of the radial part of the total wave function R n0 (r 31 ) of the final hydrogen atom H in one of its bound ns−states and the wave function of the freely moving photo-electron. For the ground state in the final hydrogen atom we take n = 1 and R n0 (r 31 ) = 2 exp(−r 31 ). If we can neglect by any interaction between this photo-electron and the neutral hydrogen atom H, then the wave function of the free photo-electron is a plane wave, which is represented as a combination of products of the spherical Bessel functions of the first kind with the corresponding Legendre polynomials (see, e.g., [18] , p.91). This formula is called the Rayleigh expansion of the plane wave [18] . Conservation of the angular momentum during photodetachment leads to the selection of only one ℓ = 1-component in such an expansion. The explicit formula for the radial functions of the free particle motion is 2p e j ℓ (p e r) = 2p e j ℓ (p e r 32 ) (see Eq.(33.10)
in [17] ). The factor 2 can be removed from this expression (it contributes to the factor 8 3 in the right-hand side of Eq. (1)) and below we operate with the free-electron wave function which is of the form p e j ℓ (p e r 32 ) (more details can be found in [14] ).
In this study the bound state wave functions of the H − ion are constructed in the form of the variational exponential expansion in the relative coordinates r 32 , r 31 , r 21
where r ij = r ji are the three relative coordinates which coincide with the scalar interparticle distances (see below), C i are the variational coefficients of this variational expansion and P 12 is the permutation of identical particles (electrons, or particles 1 and 2). In Eq. (2) and everywhere below in this study the index 3 means the hydrogen nucleus which is assumed to be infinitely heavy. Parameters α i , β i and γ i (for i = 1, . . . , N) in Eq. (2) are the non-linear parameters of the exponential variational expansion. These parameters must be varied very carefully in preliminary calculations of the total energy of the H − ion. For truly correlated three-particle wave function, Eq.(2), the explicit formula for the photodetachment amplitude is Direct calculations of such three-particle integrals in the relative coordinates is a difficult problem. However, such calculations can drastically be simplified with the use of three perimetric coordinates u 1 , u 2 , u 3 [14] , [15] instead of three relative coordinates. Moreover, some of the arising three-particle integrals look like singular integrals, but after a number of additional transformations these integrals are reduced to the regular expressions. In reality, each of such quasi-singular integrals is replaced by a sum of regular integrals. Similar quasi-singular integrals are called the Frullanian three-body integrals [15] . Analytical and numerical calculations of the Frullanian three-body integrals are difficult, often numerically unstable and always slow. This is not convenient in actual compuations of a large number of matrix element and in [15] we have developed another method based on the Rayleigh's formula for the spherical Bessel functions j ℓ (p e r) [19] . In the case of the j 1 (z) = j 1 (pr 32 )
Bessel function the Rayleigh's formula takes the form
For z = pr 32 one finds from this equation
sin(pr 32 ) r 32 .
where p = p e is the absolute value of momentum of the outgoing photo-electron p e , while r 32 is the scalar distance between the hydrogen nucleus (heavy particle 3) and photo-electron (particle 2). The particle 1 designates another (first) electron which remains bound in the hydrogen atom H after photodetachment. The same system of notations is used everywhere below in this study.
Let us designate the wave function of the incident H − ion in the ground 1 1 S−state
by Ψ H − (r 32 , r 31 , r 21 ), while the notation φ n (r 31 ) stands for the wave function of the final ns−state of the hydrogen atom. Then we can write the following expression for the amplitude of the photodetachment M i→f [14] :
where the notation Φ H − (r 32 , r 31 , r 21 ) is defined as follows [14] Φ H − (r 32 , r 31 , r 21 ) = ∂ ∂r 32 + ∂ ∂r 31 Ψ H − (r 32 , r 31 , r 21 )
Also, in Eq.(6) the notation dV = r 32 r 31 r 21 dr 32 dr 31 dr 21 is an elementary volume in the relative coordinates r 32 , r 31 and r 21 . Each of the relative coordinates is the difference between the two Cartesian coordinates of the corresponding particles, e.g., r ij =| r i − r j |. It follows from such a definition that: (a) relative coordinates are symmetric, i.e. r ij = r ji , and (b) the following inequalities are always obeyed: | r ik − r jk |≤ r ij ≤ r ik + r jk for (i, j, k) = (1, 2, 3 ). Now, we can transform the expression in the right-hand side of Eq.(6) to the following form
Φ H − (r 32 , r 31 , r 21 ) dV . 
It is clear that analytical and/or numerical computations of three-particle integrals written in the relative coordinates is a difficult problem, since three relative coordinates r 32 , r 31
and r 21 are not truly independent. Indeed, three inequalities | r ik − r jk |≤ r ij ≤ r ik + r jk are always obeyed for three relative coordinates r 32 , r 31 and r 21 (see above). In real threebody calculations it is better to use three perimetric coordinates u 1 , u 2 , u 3 which are simply related with the perimetric coordinates:
(r ij + r ik − r jk ), where (i, j, k) = (1, 2, 3) and r ij = r ji . The inverse relations are: r ij = u i + u j . Each of the three perimetric coordinates u i (i = 1, 2, 3) is: (1) non-negative, (2) truly independent from other perimetric coordinates, and (3) changes from zero to infinity. In perimetric coordinates the last integral from Eq. (9) is written in the form
where the factor 2 is the Jacobian of the transition from the relative to perimetric coordinates, i.e. (r 32 , r 31 , r 21 ) → (u 1 , u 2 , u 3 ). To derive the final expression we apply the well known trigonometric formula sin(pu 2 + pu 3 ) = sin(pu 2 ) cos(pu 3 ) + cos(pu 2 ) sin(pu 3 ) and introduce the following notations: Z = α + β, Y = α + γ, X = β + γ. In these notations the integral Eq. (10) is written as the sum of eight simple integrals (all details are explained in [15] ) which are determined with the use of the formulas from [20] . The final expression for the integral I(α, β, γ; p) takes the form
Note that the formula, Eq.(11), does not contain any singular and/or quasi-singular term represented by the Frullanian integrals [21] which must be regularized before actual numerical computations. This is an obvious advantage of our approach which is based on the Rayleigh's formula, Eqs. (4) - (5) for spherical Bessel functions.
The formula, Eq.(11), has been used in our numerical calculations performed in this study.
The photodetachment cross-sections of the ∞ H − ion determined for different momenta of photo-electron p e can be found in Tables I -IV. Note that in this study we restrict ourselves to the consideration of the cases when the final hydrogen atom is formed in the ground 1s-state.
The energy conservation leads to the following formulahω = I 1 + Table I .
Another important question which was essentially ignored in previous studies is the location of the maximum of the photodetachment cross-section σ ph (p e ) of the H − ion. This question has been investigated by using our data from highly accurate computations (see Table II ). Finally, we have found that the maximum of the photodetachment cross-section for these values of the photo-electron momenta p e has not been studied carefully in earlier studies. The results from Tables I -IV allow one to approximate them by using different representations for the σ ph (p e ) function. Then by using our computational data we can determine the coefficients C 1 , C 2 , C 3 , . . . required in relatively simple interpolation formulas.
In an ideal case the knowledge of a very few such coefficients allow one to approximate the exact computational results to high numerical accuracy. Some of such interpolation formulas for the photodetachment cross-sections of the H − ion will be discussed in our next study.
It should be noted in conclusion that our results obtained in this study represent, in fact, the 'theoretically final' solution of the photodetachment problem for the negatively charged hydrogen ion H − how it was formulated by Chandrasekhar in 1945 (see references in [5] ). In [5] ) the wave function of the outgoing (free) electron is represented as a Bessel function j ℓ=1 (p e r). Also, it was assumed in [5] ) that the final hydrogen atom H is formed in its ground 1 2 s−state. By evaluating the photodetachment cross-sections of the H − ion we have noticed that the maximal deviation of our results presented in this work from the experimental results published in [13] is less than 1% -2% (exact deviation depends upon the momentum of photo-electron p e ). This is a good indication of the correctness of our method. In the next studies we are planning to generalize our method to the cases when the final hydrogen atom is formed in different excited states. 
